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                \begin{document}$$H''(\infty )$$\end{document}$ is a symmetric matrix.

One of the ideas of studying such a system is to consider an associated functional defined on an appropriate Hilbert space. Using this functional one can define an index of the stationary solution and of the infinity. Comparing these indices we can prove the existence of solutions. Such an idea has been used by many authors, see for example \[[@CR1], [@CR10], [@CR15], [@CR16], [@CR21]\]. The methods used to define the indices include theories of Morse index and the Conley index.
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                \begin{document}$$I_H(\infty )$$\end{document}$ we proved the existence of solutions, see Theorems [3.1](#FPar30){ref-type="sec"}, [3.2](#FPar34){ref-type="sec"} of \[[@CR12]\].

The main aim of our paper is to define the index $\documentclass[12pt]{minimal}
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                \begin{document}$$I_H(\infty )$$\end{document}$ in the resonant case. To this end, following the method of Su (see \[[@CR20]\], also \[[@CR4], [@CR17]\]), we introduce the additional assumptions, see conditions (H4) and (H5) of Sect. [3](#Sec6){ref-type="sec"}, and obtain the so called strong angle conditions on the associated functional.
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                \begin{document}$$I_H(\infty )$$\end{document}$ can be also used for studying other problems, for instance the bifurcation from infinity, i.e. the problem of the existence of unbounded closed connected sets of periodic solutions of the family of systems:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\lambda _-, \lambda _+$$\end{document}$ is nontrivial, then there exists an unbounded continuum of solutions. The proof of this fact in the case of the operator being completely continous perturbation of the identity can be found in \[[@CR8]\], the proof in the general case is analogous.

After this introduction this paper is organized in the following way: in Sect. [2](#Sec2){ref-type="sec"} we fix notation and remind the definitions of degrees used in the next part of the paper. Moreover we compute the index at the infinity for the asymptotically linear operator. To this end we introduce the so called strong angle conditions.

In Sect. [3](#Sec6){ref-type="sec"} we study periodic solutions of autonomous Hamiltonian systems. We formulate main results of this paper, namely Theorems [3.1](#FPar30){ref-type="sec"} and [3.3](#FPar36){ref-type="sec"}. In the former one we prove the existence of solutions in the resonant case, while in the latter one we prove the existence of a connected set of solutions bifurcating from the infinity.

Preliminaries {#Sec2}
=============

In this section we collect basic facts from the $\documentclass[12pt]{minimal}
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                \begin{document}$$G=S^1,$$\end{document}$ the properties of the degree for *G*-equivariant gradient maps defined by Gȩba in \[[@CR9]\]. We also recall for $\documentclass[12pt]{minimal}
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The degrees mentioned above are elements of the Euler ring $\documentclass[12pt]{minimal}
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### Remark 2.1 {#FPar1}

Note that the definition of the degree for $\documentclass[12pt]{minimal}
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                \begin{document}$$S^1$$\end{document}$-equivariant, orthogonal maps has been given also in \[[@CR19]\]. Since every gradient map is an orthogonal one, we can use this definition instead of the one mentioned above. However, formulas defining degree in those two approaches differ by sign. The general summary of the equivariant degree theory can be found in \[[@CR2], [@CR3]\].

The properties of the degree are formulated in the following theorem (see \[[@CR9]\]):

### Theorem 2.1 {#FPar2}
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### Fact 2.2 {#FPar4}
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### Remark 2.2 {#FPar5}
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-----------------------------------------------------------------------------------------------

We briefly recall, in the special case $\documentclass[12pt]{minimal}
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### Theorem 2.2 {#FPar8}
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The proof of this theorem in the case of the *SO*(2)-equivariant operators of the form compact perturbation of identity can be found in \[[@CR8]\]. The authors use the properties of the *SO*(2)-degree, especially the generalized homotopy invariance property and the fact that the set $\documentclass[12pt]{minimal}
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Index at the Infinity {#Sec5}
---------------------

In this section, under some additional assumptions, we compute the degree of an asymptotically linear operator, which is a gradient of a strongly indefinite, $\documentclass[12pt]{minimal}
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For *n* sufficiently large, from (a2) and (b1), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {V}_{\infty } \subset \mathbb {H}^n.$$\end{document}$ Therefore, using the product formula,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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To prove (b) it is enough to consider the homotopy $\documentclass[12pt]{minimal}
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### Remark 2.3 {#FPar12}
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                \begin{document}$$\begin{aligned} \begin{aligned}&\nabla _{S^1}\text {-}{\mathrm {deg}}(L, B(\mathbb {H}^n \ominus \mathbb {H}^0))^{-1}\\&\quad =\nabla _{S^1}\text {-}{\mathrm {deg}}(L, B(\mathbb {H}^n\ominus (\mathbb {V}_{\infty }\oplus \mathbb {H}^0)))^{-1} \star \nabla _{S^1}\text {-}{\mathrm {deg}}(L, B(\mathbb {V}_{\infty } \ominus \mathbb {H}^0))^{-1}. \end{aligned} \end{aligned}$$\end{document}$$Therefore, using again the definition of the degree, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \nabla _{S^1}\text {-}{\mathrm {deg}}(\nabla \Phi , B_{\gamma }(\mathbb {H}))=\nabla _{S^1}\text {-}{\mathrm {deg}}(L, B_{\gamma }(\mathbb {V}_{\infty } \ominus \mathbb {H}^0))^{-1} \star \nabla _{S^1}\text {-}{\mathrm {deg}}(A_{\infty }, B_{\gamma }(\mathbb {W}_{\infty })). \end{aligned}$$\end{document}$$

Periodic Solutions of Autonomous Hamiltonian Systems {#Sec6}
====================================================

Throughout this section we study the existence of periodic solutions of autonomous Hamiltonian systems of the form:$$\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar13}
----------
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Under the assumption (H1) (or (H3) respectively) one can prove (see \[[@CR18]\]) that $\documentclass[12pt]{minimal}
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Using the definition of *L* and the inner product formula ([3.3](#Equ10){ref-type=""}) we obtain an explicit formula for this operator. Namely for $\documentclass[12pt]{minimal}
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The proof follows from the linearization property at the infinity and Lemma [3.2](#FPar17){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Remark 3.5 {#FPar23}
----------
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Definition 3.2 {#FPar24}
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Lemma 3.4 {#FPar25}
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Proof {#FPar26}
-----
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Definition 3.3 {#FPar27}
--------------
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Proof {#FPar29}
-----
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Existence of Solutions {#Sec7}
----------------------
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### Corollary 3.3 {#FPar33}
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Bifurcation from Infinity {#Sec8}
-------------------------

Let us now study the problem of bifurcation from infinity of solutions of the family ([3.2](#Equ9){ref-type=""}). Assume that $\documentclass[12pt]{minimal}
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### Theorem 3.3 {#FPar36}
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